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We investigate the statistical power of higher-order statistics and cross-correlation statistics to constrain the
primordial non-Gaussianity from the imaging surveys. In particular, we consider the local-type primordial non-
Gaussianity and discuss how well one can tightly constrain the higher-order non-Gaussian parameters (gNL and
τNL) as well as the leading order parameter fNL from the halo/galaxy clustering and weak gravitational lensing
measurements. Making use of a strong scale-dependent behavior in the galaxy/halo clustering, Fisher matrix
analysis reveals that the bispectra can break the degeneracy between non-Gaussian parameters ( fNL, gNL and
τNL) and this will give simultaneous constraints on those three parameters. The combination of cross-correlation
statistics further improves the constraints by factor of 2. As a result, upcoming imaging surveys like the Large
Synoptic Survey Telescope have the potential to improve the constraints on the primordial non-Gaussianity
much tighter than those obtained from the CMB measurement by Planck, giving us an opportunity to test the
single-sourced consistency relation, τNL ≥ (36/25) f 2NL.
PACS numbers: 98.80.-k, 98.65.Dx
I. INTRODUCTION
The observations of cosmic microwave background
anisotropies give us many hints on the very early epoch of the
Universe beyond the last scattering surface. So far, the mea-
surements are pretty consistent with the inflationary scenario
that the Universe had undergone an accelerated cosmic expan-
sion during a short period of time, when the curvature pertur-
bations as a seed of large-scale structure had been quantum-
mechanically generated. With the increased precision data by
Planck, many models of cosmic inflation are severely con-
strained or ruled out.
Among various clues to test or clarify the early cosmic in-
flation, (non-)detection of primordial non-Gaussianity is a key
to understand the generation mechanism of primordial den-
sity fluctuations. A solid theoretical prediction is that the
single-field slow-roll inflation produces nearly Gaussian fluc-
tuations, but multi-field inflations or nonlinear super-horizon
dynamics can lead to a large non-Gaussianity [1]. The mea-
surement by Planck satellite currently gives non-detection of
primordial non-Gassianity, and has derived the strong con-
straint, fNL = 0.71± 10.2 at 2σ level [2], where fNL char-
acterizes the amplitude of the bispectrum of the primordial
curvature-fluctuations for a specific non-Gaussianity called
local-type. Note that the local-type non-Gaussianity is known
to arise from the non-linear dynamics of the primordial cur-
vature perturbations on super-horizon scales. In general, it
is characterized not only by fNL, but also the higher-order
parameters such as gNL and τNL, which are related to the
shape and amplitude of the trispectrum of the primordial cur-
vature fluctuations. Indeed, these higher-order parameters are
helpful to further discriminate between many models of infla-
tion. For instance, an inequality between fNL and τNL called
Suyama-Yamaguchi inequality, τNL ≥ (36/25) f 2NL [3] tells us
that the equality τNL = (36/25) f 2NL holds only if the single
scalar field is the source of the primordial curvature fluctua-
tion. Thus, the observational confirmation of this inequality
immediately implies that the source of the primordial cur-
vature fluctuations is multi-field. However, the constraints
on the higher-order parameters gNL and τNL are still weak;
gNL = (−1.2± 2.8)× 105, τNL < 2800 at 2σ level from the
Planck observation [2].
Alternative powerful probe may be the large-scale structure
observations via the spectroscopic and/or photometric mea-
surements. In the presence of local-type non-Gaussianity, of
particular interesting feature is a strong enhancement of the
halo/galaxy clustering amplitude on large scales, as has been
recently revealed by numerical and theoretical studies (e.g.,
[4, 5]). Refs. [6, 7] showed that the power spectrum measure-
ment of the halo/galaxy clustering in future surveys like Large
Synoptic Survey Telescope (LSST) can give a tighter con-
straint than that from the CMB measurement. However, non-
zero values of gNL and τNL similarly lead to a scale-dependent
enhancement of the clustering amplitude, and simultaneous
constraints on fNL, gNL and τNL suffer from a strong param-
eter degeneracy. Hence, in order to avoid a substantial degra-
ar
X
iv
:1
51
2.
08
35
2v
2 
 [a
str
o-
ph
.C
O]
  1
5 M
ay
 20
16
2dation of the constraining power on non-Gaussianity, other
statistical information needs to be combined. One powerful
approach may be to make use of the multi-tracer method (e.g.,
[8, 9]), with which we can take advantage of the different
mass- and redshift-dependence of the non-Gaussian induced
clustering [10].
In this paper, as another but solid approach, we examine
the statistical power of combining the auto-/cross-power spec-
tra and bispectra of halo/galaxy clustering and weak-lensing
data, obtained from on-going/upcoming imaging surveys. The
bispectrum of the halo/galaxy clustering is a direct probe of
non-Gaussian feature, and the scale-dependent enhancement
by local-type non-Gaussianity is known to appear in the bis-
pectrum amplitude [11–14]. Hence, the combination of power
spectrum and bispectrum is expected to give a tighter con-
straint on the primordial non-Gaussianity [15–17]. However,
most of previous works focuses on the constraint on fNL only.
Further, compared to the auto-correlation statistics, the cross
correlations between halo/galaxy clustering and weak-lensing
fields have a different dependence on the primordial non-
Gaussianity. We thus expect that the combination of bispec-
trum and cross correlation statistics can break parameter de-
generacy, and it enables us to give tight constraints on fNL,
gNL and τNL simultaneously.
In order to estimate the forecast constraints, we need a ro-
bust theoretical prediction for power spectra and bispectra, in-
cluding not only primordial non-Gaussianity effect but also
non-linear gravitational clustering which gives another source
of non-Gaussianity. Here, we employ integrated-Perturbation
Theory (iPT) to compute power spectra and bispectra [18, 19].
The iPT is the resummed PT formalism based on the multi-
point propagator expansion [20], and it provides a framework
to incorporate not only the nonlinear gravitational clustering
but also the non-perturbative properties of halo/galaxy clus-
tering bias into the theoretical calculation. With this iPT for-
malism, the calculation of higher-order statistics is straight-
forward at weakly non-linear regime. We show that the com-
bination of the auto-/cross-power spectra and bispectra can
break the degeneracy between the constraints on fNL, gNL and
τNL. As a result, upcoming surveys like LSST have the poten-
tial to improve the marginalized constraints on the primordial
non-Gaussianity much tighter than those obtained from the
Planck observation, giving us an opportunity to test Suyama-
Yamaguchi inequality, τNL ≥ (36/25) f 2NL [3].
This paper is organized as follows. In Sec.II we briefly re-
view the iPT and present the formulas for the three dimen-
sional auto-/cross-power spectra and bispectra of halo/galaxy
and matter distribution in the presence of the primordial non-
Gaussianity. Then, in Sec.III, we calculate the angular-power
spectra and bispectra, which are observables of the photomet-
ric/imaging galaxy surveys. We then evaluate their covari-
ance based on the formula of previous section. In Sec.IV,
we estimate signal-to-noise ratio based on three representative
future-surveys, Subaru Hyper Suprime-Cam (HSC), Dark En-
ergy Survey (DES) and LSST. In Sec.V, based on the Fisher
matrix formalism, we quantitatively estimate the impact of the
bispectra and weak-gravitational lensing effect on the detec-
tion of primordial non-Gaussianity. Finally, Sec.VI is devoted
to the summary and discussion.
Throughout the paper, primordial power spectrum is com-
puted with the cosmological Boltzmann code, CAMB[21],
with the cosmological parameters assuming a flat Lambda-
CDM model, determined by WMAP9 results [22]; Ωb =
0.046, Ωc = 0.23, ΩΛ0 = 0.72, ns = 0.97, As = 2.4× 10−9
and w = −1, for the density parameters of baryon and cold
dark matter, dark energy density, scalar spectral index, scalar
amplitude at k = 0.002[Mpc−1] and dark-energy equation-of-
state parameter, respectively.
II. POWER SPECTRUM AND BISPECTRUMWITH
PRIMORDIAL NON-GAUSSIANITY
In this section, employing the integrated perturbation the-
ory (iPT) proposed by Ref. [18], we present the formulas
for the auto-/cross-power spectra and bispectra of halo/galaxy
and matter distribution in the presence of the primordial non-
Gaussianity. In iPT, multipoint propagators are the building
block of perturbative expansion. Given the initial condition,
the evolved results of power spectra and bispectra at given red-
shift are systematically constructed with multi-point propaga-
tors. In particular, based on a halo bias prescription, iPT treat-
ment enables us to incorporate the scale-dependent nature of
halo bias into the prediction in a non-perturbative manner. Af-
ter briefly reviewing the local-type non-Gaussianity as a rep-
resentative model of primordial non-Gaussianity, in Sec.II A,
we give the perturbative expressions for the power spectra and
the bispectra, in Sec.II B. Then, Sec.II C presents the formula
for multi-point propagators relevant at large scales of our in-
terest.
A. Local-type primordial non-Gaussianity
According to the inflationary scenario, the primordial cur-
vature perturbations Φ as the seed of large-scale structure
are quantum mechanically generated. Among various infla-
tion models proposed so far, the single-field slow-roll infla-
tion generically predicts the Gaussian fluctuations, and thus
the statistical properties of primordial perturbations are solely
characterized by power spectrum:
〈Φ(k)Φ(k ′)〉= (2pi)3δ (3)D (k+ k ′)PΦ(k), (1)
where k and δ (3)D are respectively three-dimensional wave vec-
tor and the three-dimensional Dirac’s delta function. The
bracket 〈 〉 means ensemble average.
On the other hand, multi-field or non-slow-roll inflation
models are known to produce non-Gaussianities for primor-
dial perturbations [23, 24], and their non-Gaussian nature is
characterized by the non-vanishing higher-order spectra of
primordial curvature perturbations such as bispectrum and
3trispectrum:
〈Φ(k1)Φ(k2)Φ(k3)〉c
= (2pi)3 δ (3)D (k1+ k2+ k3)BΦ(k1,k2,k3), (2)
〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉c
= (2pi)3 δ (3)D (k1+ k2+ k3+ k4)TΦ(k1,k2,k3,k4), (3)
where the subscript, c, denotes the connected part of the cor-
relation functions.
In this paper, among several types of non-Gaussianities
known so far, we are particularly interested in the local-type
non-Gaussianity, originated from non-linear dynamics of the
primordial curvature perturbations on super-horizon scales.
In this model, the primordial curvature perturbation Φ is de-
scribed by the Taylor-series expansion of Gaussian field ΦG
as
Φ(x) =ΦG(x)+ fNL
{
ΦG(x)2−〈ΦG(x)2〉
}
+gNLΦG(x)3+ · · · .
(4)
With this description, the higher-order spectra are expressed
as
BΦ (k1,k2,k3)' 2 fNL {PΦ (k1)PΦ (k2)
+ 2 perms (k1↔ k2↔ k3)} , (5)
TΦ (k1,k2,k3,k4)' 6gNL {PΦ (k1)PΦ (k2)PΦ (k3)+ 3 perms}
+
25
9
τNL {PΦ (k1)PΦ (k2)PΦ (|k1+ k3|)+11perms} , (6)
where the parameters fNL,gNL and τNL describe the strength
of the primordial non-Gaussianity. These parameters are not
independently given, but are known to be related each other
according to the generation mechanisms of primordial non-
Gaussianity. For the single-sourced curvature perturbations
described by Eq. (4), the parameter τNL is related to the
leading-order parameter fNL through τNL = (36/25) f 2NL. For
multi-sourced curvature perturbation, on the other hand, the
inequality, τNL > (36/25) f 2NL, generally holds [3]. These re-
lations are called Suyama-Yamaguchi inequality. The obser-
vational probe of this inequality thus provides an important
clue for the scalar-field dynamics during the inflation.
Provided the statistical nature of primordial curvature per-
turbations, the linear density field δ is determined through
δL(k,z) =M(k,z)Φ(k,z∗), (7)
with the function M(k,z) given by
M(k,z) =
2
3
D(z)
D(z∗)(1+ z∗)
k2T (k)
H20Ωm0
, (8)
where the function T (k) and D(z) are respectively the trans-
fer function and the linear growth factor. The H0,Ωm0 and
z∗ are the Hubble parameter at present time, the matter den-
sity parameter, and the redshift at initial time in the matter-
dominated era. Then, the power spectrum, bispectrum and
trispectrum of the linear-density field are defined by
〈δL(k1)δL(k2)〉= (2pi)3δ (3)D (k1+ k2)PL(k1), (9)
〈δL(k1)δL(k2)δL(k3)〉
= (2pi)3δ (3)D (k1+ k2+ k3)BL(k1,k2,k3), (10)
〈δL(k1)δL(k2)δL(k3)δL(k4)〉
= (2pi)3δ (3)D (k1+ k2+ k3+ k4)TL(k1,k2,k3,k4) (11)
From Eqs. (7) and (8), the higher-order spectra of density field
are directly related to those of the primordial-curvature pertur-
bations through:
PL (k) =M (k)
2PΦ (k) , (12)
BL (k1,k2,k3) =M (k1)M (k2)M (k3)BΦ (k1,k2,k3) , (13)
TL (k1,k2,k3,k4) =M (k1)M (k2)M (k3)M (k4)TΦ (k1,k2,k3,k4) .
(14)
The linear density field is, however, indirectly related to the
observable of large-scale structure, and we need to know a ex-
plicit relation between the linear density field and the observ-
ables especially probed with imaging surveys, taking a full
account of the late-time gravitational evolution and the effect
of galaxy/halo bias.
B. Integrated Perturbation Theory (iPT)
The large-scale structure can be a good probe of the primor-
dial non-Gaussianity, and recent theoretical studies have re-
vealed that the local-type non-Gaussianity can induce a scale-
dependent enhancement of the clustering amplitude on large
scales (e.g., [4, 5]). Therefore, in this paper, we focus on the
clustering features of halo/galaxy density field obtained from
the imaging surveys. Further, to enhance the statistical signif-
icance, we consider the weak gravitational lensing and cross-
correlate it with halo/galaxy density field. To observationally
probe the primordial non-Gaussianity from large-scale struc-
ture, a proper account of the late-time gravitational evolution
and the effect of halo/galaxy bias is essential. Here, we adopt
integrated perturbation theory (iPT), which enables us to si-
multaneously incorporate these two effects into the theoretical
predictions. Let us first define the three-dimensional power
spectraPXY and bispectraBXYZ of the observables:
〈δX(k1)δY(k2)〉= (2pi)3δ (3)D (k1+ k2)PXY(k), (15)
1
3
{〈δX(k1)δY(k2)δZ(k3)〉+2 perms(k1↔ k2↔ k3)}
= (2pi)3δ (3)D (k1+ k2+ k3)BXYZ(k1,k2,k3), (16)
where δX,Y,Z is the three-dimensional density field. For the
quantities relevant to the imaging surveys, we consider the
two types of three-dimensional objects; one is the halo/galaxy
density field δh, and the other is the matter fluctuation δm.
In iPT, the perturbative expansion of the statistical quan-
tities such as power spectra and bispectra are constructed
with multi-point propagators and the linear polyspectra (e.g.,
4[18, 19]). Following Refs. [18, 19], we define the (n+1)-point
propagators of the objects, Γ(n)X as〈
δ nδX (k)
δδL (k1)δδL (k2) · · ·δδL (kn)
〉
= (2pi)3−3n δ (3)D (k− k12···n)Γ(n)X (k1,k2, · · · ,kn) , (17)
where δL is the linear-density field. The multi-point propa-
gators are fully non-perturbative quantities characterizing the
non-linear gravitational evolution and halo/galaxy bias prop-
erties. With these propagators, power spectra and bispectra
are generally expanded as
PXY(k) =P treeXY (k)+P
1−loop
XY (k)+P
2−loop
XY (k)+ · · · ,
(18)
BXYZ(k1,k2,k3) =BtreeXYZ(k1,k2,k3)+B
1−loop
XYZ (k1,k2,k3)
+B2−loopXYZ (k1,k2,k3)+ · · · . (19)
Here, the quantitiesPn−loopXY andB
n−loop
XYZ indicate the higher-
order corrections which include n-loop integrals. Up to the
one-loop order (i.e., next-to-leading order), the power spectra
of the objects X and Y are systematically constructed from the
contributions that do not vanish even with the Gaussian ini-
tial condition,Pgrav, and the one originating from primordial
bispectrumPbis [25]:
P treeXY =P
tree
grav , P
1−loop
XY =P
1−loop
grav +P
1−loop
bis (20)
Each term at the right-hand side of this expressions is given
by
P treegrav(k) = Γ
(1)
X Γ
(1)
Y PL(k), (21)
P1−loopgrav (k) =
1
2
∫ d3p
(2pi)3
Γ(2)X (p,k− p)Γ(2)Y (p,k− p)PL(k)PL(|k− p|), (22)
P1−loopbis (k) =
1
2
∫ d3p
(2pi)3
{
Γ(1)X (k)Γ
(2)
Y (p,k− p)+Γ(1)Y (k)Γ(2)X (p,k− p)
}
BL(k,−p,−k+ p). (23)
Similarly, the bispectra at the one-loop order are con-
structed from the contributions of the gravity-induced non-
Gaussian term Bgrav, and the contributions from the primor-
dial bispectrum and trispectrum, respectively denoted byBbis
andBtris [11]:
BtreeXYZ =B
tree
grav+B
tree
bis , (24)
B1−loopXYZ =B
1−loop,1
grav +B
1−loop,2
grav +B
1−loop,1
bis
+B1−loop,2bis +B
1−loop,3
bis +B
1−loop
tris . (25)
The expressions for each contribution are explicitly given by
Btreegrav (k1,k2,k3) =
1
3
[{
Γ(1)X (k1)Γ
(1)
Y (k2)Γ
(2)
Z (−k1,−k2)PL (k1)PL (k2)
+2perms(X↔ Y↔ Z)
}
+2perms(k1↔ k2↔ k3)
]
, (26)
Btreebis (k1,k2,k3) =Γ
(1)
X (k1)Γ
(1)
Y (k2)Γ
(1)
Z (k3)BL (k1,k2,k3) , (27)
B1−loop,1grav (k1,k2,k3) =
1
3
[∫ d3p
(2pi)3
Γ(2)X (p,k1− p)Γ(2)Y (−p,k2+ p)Γ(2)Z (−k1+ p,−k2− p)
×PL (p)PL (|k1− p|)PL (|k2+ p|)+2perms(k1↔ k2↔ k3)
]
, (28)
B1−loop,2grav (k1,k2,k3) =
1
3
[{
Γ(1)X (k1)PL (k1)
∫ d3p
(2pi)3
Γ(2)Y (p,k2− p)Γ(3)Z (−k1,−p,−k2+ p)
×PL (p)PL (|k2− p|)+2perms(X↔ Y↔ Z)
}
+5perms(k1↔ k2↔ k3)
]
, (29)
B1−loop,1bis (k1,k2,k3) =
1
3
[{
Γ(1)X (k1)Γ
(1)
Y (k2)
∫ d3p
(2pi)3
Γ(3)Z (−k1, p,−k2− p)PL (k1)BL (k2, p,−k2− p)
5+2perms(X↔ Y↔ Z)
}
+5perms(k1↔ k2↔ k3)
]
, (30)
B1−loop,2bis (k1,k2,k3) =
1
3
[{
Γ(1)X (k1)Γ
(2)
Y (−k1,−k2)
∫ d3p
(2pi)3
Γ(2)Z (p,k2− p)PL (k1)BL (−k2, p,k2− p)
+2perms(X↔ Y↔ Z)
}
+5perms(k1↔ k2↔ k3)
]
, (31)
B1−loop,3bis (k1,k2,k3) =
1
3
[{
Γ(1)X (k1)
∫ d3p
(2pi)3
Γ(2)Y (p,k2− p)Γ(2)Z (−p,k3+ p)PL (p)BL (k1,k2+ p,k3− p)
+2perms(X↔ Y↔ Z)
}
+2perms(k1↔ k2↔ k3)
]
, (32)
B1−looptris (k1,k2,k3) =
1
3
[{
1
2
Γ(1)X (k1)Γ
(1)
Y (k2)
∫ d3p
(2pi)3
Γ(2)Z (p,k3− p)TL (k1,k2, p,k3− p)
+2perms(X↔ Y↔ Z)
}
+2perms(k1↔ k2↔ k3)
]
. (33)
In many cases of perturbative calculations, higher-loop con-
tributions are usually suppressed especially at large scales.
It is, however, found by Ref. [11] that local-type non-
Gaussianity induces a strong scale-dependent enhancement on
higher-loop contributions, and some of the two-loop contribu-
tions can eventually exceed the tree-level and one-loop con-
tributions at very large scales [11, 25]. These non-negligible
corrections are expressed as
P2−looptris (k) =
1
4
∫ d3p1d3p2
(2pi)6
Γ(2)X (p1,k− p1)Γ(2)Y (−p2,−k+ p2)TL(p1,k− p1,−p2,−k+ p2)
+
1
6
∫ d3p1d3p2
(2pi)6
{
Γ(1)X (k)Γ
(3)
Y (p1, p2,k− p1− p2)+Γ(1)Y (k)Γ(3)X (p1, p2,k− p1− p2)
}
×TL(k,−p1,−p2,−k+ p1+ p2) (34)
for the power spectrum, and
B2−looptris (k1,k2,k3) =
1
4
[{
Γ(1)X (k1)PL(k1)
∫ d3p1d3p2
(2pi)6
Γ(2)Y (p1,k2− p1)Γ(3)Z (k1, p2,−k2− p2)
×TL(p1,k2− p1, p2,−k2− p2)+2perms(X↔ Y↔ Z)
}
+5perms(k1↔ k2↔ k3)
]
(35)
for the bispectrum.
The other two-loop contributions are shown to be negligible
at observable scales [11, 25]. The contributions given above
come from the most dominant two-loop un-decomposable di-
agrams. In this paper, we take account of these contributions
in computing the power spectra and the bispectra of biased
objects.
C. The multi-point propagator at large scales
The multi-point propagator is defined as fully non-
perturbative quantity, and it is generally difficult to evaluate it
rigorously. At large scales (k→ 0), however, non-linearity of
gravitational evolution is weak, and the perturbative treatment
of multipoint propagators works well. According to Ref. [11],
6we have
Γ(1)X (k)' 1+ cL1 (k), (36)
Γ(2)X (k1,k2)' F2(k1,k2)+
(
1+
k1 · k2
k22
)
cL1 (k1)
+
(
1+
k1 · k2
k21
)
cL1 (k2)+ c
L
2 (k1,k2). (37)
Here, F2 and cLn are respectively the second-order kernel of
standard perturbation theory and a renormalized-bias function
defined in Lagrangian space. Note that cLn = 0 in the case of
mass fluctuation (i.e., X = m). The explicit expressions for
these quantities are given by
F2(k1,k2) =
10
7
+
(
k2
k1
+
k1
k2
)
k1 · k2
k1k2
+
4
7
(
k1 · k2
k1k2
)2
,
(38)
cLn (k1,k2, · · · ,kn) = (2pi)3n
∫ d3k′
(2pi)3
×
〈
δ nδLX(k
′)
δδL(k1)δδL(k2) · · ·δδL(kn)
〉
,
(39)
where the δLX is the number-density fluctuation of the biased
object X in Lagrangian space. When the wave number of our
interest is sufficiently smaller than that of the integration vari-
able (k p), the multi-point propagators are approximately
described by [18]
Γ(2)X (p,k− p)' Γ(2)X (p,−p)' cL2 (p,−p), (40)
Γ(3)X (−k1,−p,−k2+ p)'
k1 · (k1+ k2)
k21
cL2 (−p, p)
+ cL3 (−k1,−p,−k2+ p). (41)
The approximations given in Eqs. (36), (37), (40) and (41) are
called large-scale limit. In Appendix.A, we present expres-
sions of the power spectra and the bispectra in the large-scale
limit, assuming the local-type primordial non-Gaussianity.
For a quantitative calculation, expressions for the renormal-
ized bias function is further needed. Here, we adopt the halo-
bias prescription proposed by [18]. Then, the renormalized
bias function for halos with mass M is computed from the
halo mass function:
cLn (k1, · · · ,kn) =
An(M)
δ nc
W (k1,M) · · ·W (kn,M)
+
An−1(M)σnM
δ nc
d
d lnσM
[
W (k1,M) · · ·W (kn,M)
σnM
]
(42)
with the coefficient An given by
An(M)≡
n
∑
j=0
n!
j!
δ jc (−σM)− j f−1MF(ν)
d j fMF(ν)
dν j
. (43)
Here the quantity δc(' 1.68) is the so-called critical density
of the spherical collapse model, W (k,M) is top-hat window
function over mass scale R = (3M/4piρm)1/3, and ρm is the
matter density. The quantity σM is the dispersion of smoothed
matter density field over mass scales:
σ2M =
∫ k2dk
2pi2
W 2(k,M)PL(k). (44)
The function fMF(ν) is defined through the halo mass function
n(M,z):
ν fMF(ν)≡M2 n(M,z)ρ¯
d logM
d logν
, (45)
where ν = δc/σM . Throughout the paper, we adopt the Sheth-
Tormen fitting formula for the halo mass function n(M,z)
[26]:
fST(ν) = A(p)
√
2
pi
[1+(qν2)−p]
√
qνe−qν
2/2, (46)
with p = 0.3, q = 0.707 and A(p) = [1+ pi−1/22−pΓ(1/2−
p)]−1. Γ(x) is the Gamma function.
III. OBSERVABLES OF IMAGING SURVEY AND ERROR
COVARIANCE
To elucidate the statistical power of bispectrum and cross
correlation between halo and weak-lensing fields obtained
from imaging surveys, we shall consider three representative
surveys: HSC, DES and LSST. The statistical quantities ob-
served with these surveys are the angular-power spectra and
bispectra projected on the celestial sphere. In Sec.III B, we
derive the formula for angular-power spectra and bispectra,
which are related to the three-dimensional counterpart given
in previous section. Then, in Sec.III C, we present the error
covariance of these quantities, which will be later used to es-
timate the signal-to-noise ratio and statistical uncertainties of
the non-Gaussian parameters in subsequent section.
A. Imaging surveys
As representative ongoing/upcoming imaging surveys, we
consider HSC for deep, and DES for wide, and LSST for an
idealistically deep and wide surveys. These surveys are char-
acterized by the survey area fsky ≡ Ωs/4pi , the mean source
redshift zm, and the mean number density of source galaxies
par unit area n¯s, which are summarized in TABLE I.
To calculate expected signals for weak-gravitational lens-
ing, we need the redshift distribution of source galaxies. Here,
we adopt the following functional form for redshift distribu-
tion (e.g., [6]):
ns(z)dz= n¯s
3z2
2(0.64zm)3
exp
[
−
(
z
0.64zm
)3/2]
dz. (47)
Note that this will later appear in the weight function for
weak-lensing observables, Wκ [Eq. (54)].
7fsky zm n¯s [arcmin−2]
HSC [27] 0.0375 (1,500deg2) 1.0 35
DES [28] 0.125 (5,000deg2) 0.5 12
LSST [29] 0.5 (20,000deg2) 1.5 100
TABLE I. Specification of survey parameters for three representative
imaging surveys; sky coverage fsky, mean source redshift zm and
mean number density of source galaxies n¯s.
For the prediction of halo/galaxy clustering, we further
need the projected number density of halo, n¯h, and its red-
shift distribution per unit area, nh(z) We estimate these quan-
tities with halo mass-function n(M,z) [see Eq. (45) and (46)]
through:
n¯h =
∫ ∞
0
dz nh(z) =
∫ ∞
0
dz
χ2(z)
H(z)
∫ ∞
Mmin
dM n(M,z), (48)
where the quantities χ and Mmin are respectively the comoving
radial distance and the minimum mass of observed halos. In
this paper, we set Mmin to 1013 h−1M.
B. Angular power spectra and angular bispectra
In imaging surveys, statistical quantities relevant for
cosmology are angular-power spectra and bispectra of
halo/galaxy clustering and weak-gravitational lensing. In the
flat-sky limit, these statistical quantities are defined as
〈∆a(`1)∆b(`2)〉 ≡ (2pi)2δ (2)D (`1+ `2)Cab(`1), (49)
1
3
[
〈∆a(`1)∆b(`2)∆c(`3)〉+2 perms (`1↔ `2↔ `3)
]
≡ (2pi)2δ (2)D (`1+ `2+ `3)Babc(`1, `2, `3), (50)
with δ (2)D being two-dimensional Dirac’s delta function. The
quantity ∆a is the projected field, and the subscripts a, b, c
imply either a halo/galaxy number-density fluctuation ∆h or
weak-lensing convergence κ . These are related to the three-
dimensional fluctuations through:
∆(2)h (θ ) =
∫ ∞
0
dz Wh(z)δ
(3)
h (χ(z)θ ,z), (51)
κ(θ ) =
∫ ∞
0
dz Wκ(z)δ
(3)
m (χ(z)θ ,z), (52)
with the weight functions Wa given by
Wh(z) =
nh(z)
n¯h
, (53)
Wκ (z) =
4piGρm (z)a2 (z)
H (z) n¯s
∫ ∞
z
dz′ ns(z′)
(χ (z′)−χ (z))χ (z)
χ (z′)
.
(54)
Here, ρm is the mean-mass density.
Substituting the Fourier-transform of the two-dimensional
density field, δ (2)a (`) =
∫
dθ δ (2)a (θ )e−i`·θ , into Eq.(49) and
(50), the expressions for the angular-power spectra and bis-
pectra are obtained. Employing the Limber approximation
[30] valid in the flat-sky limit, we have
Cab(`) =
∫
dz
H2(z)
χ2 (z)
Wa (z)Wb (z)PXY
(
`
χ (z)
; z
)
, (55)
Babc(`1, `2, `3) =
∫
dz
H2(z)
χ4 (z)
Wa (z)Wb (z)Wc (z)
×BXYZ
(
`1
χ (z)
,
`2
χ (z)
,
`3
χ (z)
; z
)
, (56)
The right-hand side of these equations represents the projec-
tion of the three-dimensional power spectra and bispectra of
the halo/galaxy clustering and matter distribution, whose ex-
pressions are given in Sec.II B. Note that the Limber approx-
imation becomes invalid at the large-angular scales or lower
multipoles, and our treatment with flat-sky limit may not be
adequate. However, if observed redshift range is wide enough,
the Limber approximation is still valid even at low multipoles
[31]. Since we mainly examine the cases with single-redshift
bin without tomography, our treatment would be still appro-
priate. The impact of tomographic technique will be discussed
in Sec.VI.
C. Error covariance
The covariances of the angular-power spectra and bispec-
tra describe the statistical uncertainty of their measurements
for a given survey, and their magnitude is closely related to
the statistical significance of the detection and/or constraints
on the primordial non-Gaussianity. The two major contribu-
tions to the covariances are the cosmic variance arising from
a finite number of modes determined by the survey area, and
the shot noise due to a discreteness of galaxy samples. In what
follows, assuming the Gaussian covariances, we estimate the
signal-to-noise ratio for the angular-power spectra and bispec-
tra, and derive the expected constraints on the primordial non-
Gaussian parameters. The assumption for Gaussianity for the
covariance matrices would be validated at `. 200 [32], where
the non-linear evolution of the matter density field is rather
mild, and thus the gravity-induced non-Gaussian contribution
is suppressed. Further, a large primordial non-Gaussianity is
not allowed by the current observations. Then, the covari-
ance matrices of the angular-power spectra and bispectra for
a given set of multipole bins (`i, ` j, · · ·) are expressed as [32]
Cov[Cab(`i),Ca′b′(` j)] =
δK`i+` j
Npairs(`i)
×
[
{Caa′(`i)+Naa′} {Cbb′(`i)+Nbb′}+perms(a′↔ b′)
]
,
(57)
Cov[Babc(`i, ` j, `k),Ba′b′c′(`l , `m, `n)] =
1
9
Ωs
Ntrip(`i, ` j, `k)
×
[{
(Caa′(`i)+Naa′)(Cbb′(` j)+Nbb′)(Ccc′(`k)+Ncc′)
8×
(
δK`i+`lδ
K
` j+`m
δK`k+`n +5 perms (`l ↔ `m↔ `n)
)
+2 perms (a′↔ b′↔ c′)
}
+2 perms (a↔ b↔ c)
]
,
(58)
with the quantity Nab being the shot-noise contribution given
by
Nab =

1
n¯h
(ab = hh),
σγ
n¯s
(ab = κκ),
0 (otherwise).
(59)
Here, δK`i+` j is the Kronecker delta, and the quantity σγ repre-
sents the dispersion of the intrinsic shape noise to which we
set σγ = 0.3 [33]. The Npair(`i) is the number of independent
pairs for two vectors ` and −` within the i-th multipole bin,
i.e., `i−∆`i/2 ≤ |`| ≤ `i+∆`i/2. The Ntrip(`i, ` j, `k) is the
number of independent triplets for three vectors forming the
triangular configuration respectively within the i-, j-, and k-th
bins. In the limit `i `f, where `f ≡ 2pi/Ωs is the minimum
multipoles determined by the fundamental Fourier mode with
Ωs being the survey area in units of steradian, we obtain the
analytical expressions for Npair and Ntrip [32]:
Npair(`i)' 2pi`i∆`i
`2f
, (60)
Ntrip(`i, ` j, `k)' 2 (2pi`i∆`i)(` j∆ϕ12∆` j)
`4f
(61)
with the angle ∆ϕ12 given by
∆ϕ12(`i, ` j, `k)' (sinϕ12)−1 `k∆`k
`i` j
=
2`k∆`k√
2`2i `
2
j +2`
2
i `
2
k+2`
2
j`
2
k− `4i − `4j − `4k
.
(62)
Note that the width of the i-th multipole bin, ∆`i, should be
larger than the minimum multipole, i.e., ∆`i > `f.
IV. SIGNAL-TO-NOISE RATIO
In this section, based on the formulas presented in Sec. II
and III, we first compute the angular-power spectra and bis-
pectra in Sec. IV A, specifically focusing on HSC survey. The
feasibility to break parameter degeneracy between higher-
order non-Gaussian parameters is also discussed. Then, in
Sec. IV B, the signal-to-noise ratio of the angular-power spec-
tra and bispectra is estimated for three representative surveys.
A. Angular-power spectra and bispectra from imaging surveys
For illustrative purpose, let us focus on the HSC survey,
and present the expected results for the measurements of both
power spectrum and bispectrum. To elucidate how the pri-
mordial non-Gaussianity changes the shape and amplitude of
power spectrum and bispectrum, it is convenient to decom-
pose the contributions in the angular-power spectra and bis-
pectra into the gravity-induced part and non-Gaussian part:
Cab(`) =Cgrav(`)+ fNLC fNL(`)+gNLCgNL(`)+ τNLCτNL(`),
(63)
Babc (`1, `2, `3) = Bgrav (`1, `2, `3)+ fNLB fNL (`1, `2, `3)
+gNLBgNL (`1, `2, `3)+ τNLBτNL (`1, `2, `3) . (64)
Here, just for brevity, the subscripts ab are omitted at the right-
hand-side. Each term is evaluated by substituting the three-
dimensional power spectra and bispectra [Eqs. (20)-(35)] into
Eqs. (55) and (56).
Fig. 1 shows the auto-power spectra of halos (left) and lens-
ing convergence (right) and their cross spectrum (middle), as-
suming the non-Gaussian parameters of fNL = 10, gNL = 104,
and τNL = (36/25) f 2NL. The statistical errors expected from
the HSC survey are depicted as shaded boxes. Note that in
computing the power spectra, we use the expressions in the
large-scale limit presented in Appendix A. Fig. 1 shows that
with the currently allowed values of the non-Gaussianity, the
contributions of the primordial non-Gaussianity can dominate
the auto-power spectrum of halo/galaxy clustering at ` . 5,
where the cosmic variance is the dominant source for statisti-
cal error. Thus, the surveys with wide survey area are prefer-
able and HSC survey has a potential to tightly constrain the
primordial non-Gaussianity. However, the large-scale limit of
angular power spectra asymptotically scales as
Chh(`) : Cgrav ∝ `, C fNL ∝ `
−1, CgNL ∝ `
−1, CτNL ∝ `
−3,
(65)
Chκ(`) : Cgrav ∝ `, C fNL ∝ `
−1, CgNL ∝ `
−1, CτNL ∝ `
−1,
(66)
Cκκ(`) : Cgrav ∝ `, (67)
which are derived based on the formulas in Sec.II, assum-
ing the scale-invariant primordial spectrum, i.e., PΦ(k) ∝ k−3.
These asymptotic behaviors are at least valid at ` & 30. This
implies that even when the primordial non-Gaussian contribu-
tion becomes prominent, one cannot separately detect and/or
constrain both fNL and gNL from the power spectra. As we
will see in next section, due to this parameter degeneracy, the
marginalized constraints on fNL and gNL from the Fisher ma-
trix analysis are substantially reduced (see TableIII).
On the other hand, the primordial non-Gaussian contribu-
tions to the angular bispectra have different asymptotic behav-
iors. Fig. 2 shows the shape dependence of the halo bispectra
Bhhh, plotted against `1/`3 and `2/`3 with fixed `3 = 20. The
dominant contributions from primordial non-Gaussianity ap-
pear in the squeezed limit, i.e., `3 = `2 `1 or `3 = `1 `2,
and the primordial non-Gaussian terms have distinct shape
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FIG. 1. Angular auto- and cross-power spectra of halo clustering and weak lensing as function of multipoles ` in the presence of primordial
non-Gaussianity; Chh (left), Chκ (middle) and Cκκ (right). Assuming the survey parameters of HSC, and the non-Gaussian parameters of
fNL = 10, gNL = 104, and τNL = (36/25) f 2NL, the expected signals for power spectra are estimated based on iPT. In each panel, black solid
lines represent the total amplitude of the power spectrum, while the lines with different colors indicate the partial contributions to the power
spectra defined in Eq. (63);Cgrav (red), fNLC fNL (green), gNLCgNL (blue), and τNLCτNL (magenta). The grey boxes represent the expected errors
on the total amplitude of power spectra, averaged over each bin. Here, the width of the bin is set to ∆`= `f.
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and amplitude dependence from the gravity-induced non-
Gaussian term, Bgrav. Although B fNL and BgNL apparently
look very similar, their contributions possess different scale-
dependent behaviors. To clarify this, we consider the isosceles
configuration given by `≡ `1 = `2 = `3/α . A large α implies
the squeezed shape. Then, for small ` and large α , the asymp-
totic behaviors of each contribution become1
Bhhh(`,`,`/α) : Bgrav ∝ `2α0, B fNL ∝ `
0α1, BgNL ∝ `
−2α1,
1 In deriving Eq. (68), we assume that the dominant contributions to the
terms Bgrav, B fNL , BgNL and BτNL respectively come fromB
tree
grav [Eq. (26)],
Btreebis [Eq. (A5)],B
1−loop
gNL [Eq. (A11)] andB
2−loop
τNL [Eq. (A14)].
BτNL ∝ `
−2α3. (68)
Note that we assume PΦ(k) ∝ k−3. The shape dependence of
each contribution is manifestly different between each other.
The cross bispectra, Bhhκ(`,`,`/α) and Bhκκ(`,`,`/α), are
also shown to have similar behaviors (see Fig. 3).
Fig. 3 plots the scale-dependence of the auto- and cross-
bispectra of the isosceles configuration of (`,`,`/α). Left
and right panels respectively show the bispectra as function of
multipoles and α , fixing the arguments to α = 10 and `= 50.
Statistical errors are also depicted as gray boxes, assuming
the HSC survey. Fig. 3 shows that the auto bispectra Bhhh is
most sensitive to the primordial non-Gaussian contributions,
which become dominant at low multipoles and large α . In
11
particular, with the non-Gaussian parameters of fNL = 10,
gNL = 104, and τNL = (36/25) f 2NL, the term BτNL is found to
exceed other non-Gaussian contributions. Although the sta-
tistical error of the squeezed configuration (α  1) at lower
multipoles looks still large, we will show in next subsection
that summing up various configurations lead to a sufficiently
high signal-to-noise ratio, with which the signature of primor-
dial non-Gaussianity becomes measurable.
B. Signal-to-noise ratio
To quantify the detectability of the signal, we here define
the signal-to-noise ratio (SNR) for power spectra and bispec-
tra. Combining all auto- and cross-power spectra, the SNR for
power spectra is :(
S
N
)2
all P
≡ ∑
`min≤`i,` j≤`max
C(`i)
[
CovP
]−1
i j C(` j), (69)
with the quantities C and CovP respectively given by
C(`) =
(
Chh(`)
Chκ(`)
)
, (70)
CovPi j =
(
Cov[Chh(`i),Chh(` j)] Cov[Chh(`i),Chκ(` j)]
Cov[Chκ(`i),Chh(` j)] Cov[Chh(`i),Cκκ(` j)]
)
.
(71)
The subscripts i and j run over the multipole bins within the
range [`min, `max]. The quantity
[
CovP
]−1
i j is the inverse of the
power spectra covariance matrix defined in Eq. (71). Simi-
larly, the SNR for bispectra is defined as follows:(
S
N
)2
all B
≡ ∑
`min≤{`i},{` j}≤`max
Bi
[
CovB
]−1
i j B j, (72)
with
Bi =
(Bhhh)i(Bhhκ)i
(Bhκκ)i
 , CovBi j =
Cov[(Bhhh)i,(Bhhh) j] Cov[(Bhhh)i,(Bhhκ) j] Cov[(Bhhh)i,(Bhκκ) j]Cov[(Bhhκ)i,(Bhhh) j] Cov[(Bhhκ)i,(Bhhκ) j] Cov[(Bhhκ)i,(Bhκκ) j]
Cov[(Bhκκ)i,(Bhhh) j] Cov[(Bhκκ)i,(Bhhκ) j] Cov[(Bhκκ)i,(Bhκκ) j]
 . (73)
Again, subscripts i and j run over all possible triangle config-
urations, and we include all the triangle configurations whose
side length are within the range [`min, `max]. We set the mini-
mum multipole to `min = `f = 2pi/
√
Ωs.
In top panels of Fig. 4, the resultant values of SNR,
(S/N)all P (green dashed) and (S/N)all B (red solid), are plot-
ted as function of maximum multipoles for representative
three surveys; HSC (left), DES (middle) and LSST (right).
In all surveys, both of (S/N)all P and (S/N)all B exceed 10
at `max & 50, and the feasibility to measure power spectra
and bispectra is ensured at high statistical significance. A
notable point is that the SNR of bispectra rapidly increases
with maximum multipoles, and for HSC and DES, it eventu-
ally exceeds that of power spectra at `& 100. This is because
the number of possible configurations of bispectra, given by
∑`min≤{`i},{` j}≤`max Ntrip(`i, ` j, `max), grows faster than that of
power spectra Npair(`max).
On the other hand, bottom panels of Fig. 4 plot the ratio of
SNR with and without primordial non-Gaussianity, defined by
(S/N)G/(S/N). Here, we assume fNL = 10, gNL = 104, and
τNL = (36/25) f 2NL in evaluating the denominator of this ratio.
The results that the ratio is close to unity for HSC (left) and
DES (middle) indicate that the signals of both power spec-
tra and bispectra are mostly dominated by the gravity-induced
terms, and the primordial non-Gaussian contributions only
amounts few percents even at `max = 150. By contrast, for
LSST, the estimated values of the ratio (S/N)G/(S/N) be-
come 0.7 and 0.3 for power spectra and bispectra, respec-
tively, and the primordial non-Gaussian contributions amount
∼ 30% and ∼ 70% for the total SNR. This is because LSST
will cover the high-redshift range where nonlinearity of the
gravity is weak. Further, sky coverage of LSST is large
enough and the effect of the primordial non-Gaussianity can
be enhanced. Although the resultant SNRs of bispectra are
almost the same for three surveys, LSST is potentially much
more powerful to detect primordial non-Gaussianity among
others.
V. FORECAST CONSTRAINTS ON PRIMORDIAL
NON-GAUSSIANITY
On the basis of Fisher-matrix formalism, we are now in po-
sition to derive the expected constraints on the higher-order
non-Gaussian parameters for three representative surveys.
Provided the theoretical template of angular-power spectra
and bispectra parametrized by a set of free parameters p, the
Fisher matrix for the parameters p are defined by
Fαβ = F
P
αβ +F
B
αβ ; (74)
FPαβ =
`max
∑
`i=`min
∂C(`i, p)
∂ pα
(CovP)−1i j
∂C(` j, p)
∂ pβ
∣∣∣∣∣
p=p0
, (75)
FBαβ =
`max
∑
`i=`min
∂Bi(p)
∂ pα
(CovB)−1i j
∂B j(p)
∂ pβ
∣∣∣∣∣
p=p0
, (76)
where p0 is a set of fiducial cosmological parameters. Here,
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FIG. 4. Signal-to-noise ratio for angular power spectra and bispectra combining both the halo clustering and weak lensing measurements.
Based on the parameters specified in Table I and assuming the non-Gaussian parameters of fNL = 10, gNL = 104, and τNL = (36/25) f 2NL,
the resultant signal-to-noise ratio for three representative surveys of HSC (left), DES (center) and LSST (right) are shown as function of the
maximum multipole `max. The upper panels are the estimated results of (S/N)all P (dashed) and (S/N)all B (solid) [see Eqs. (69) and (72) for
definitions]. The bottom panels show the ratio of signal-to-ratio with and without primordial non-Gaussianity, defined by (S/N)G/(S/N).
HSC DES LSST current CMB
σ( fNL) 19 (9.2) 9.8 (5.2) 2.1 (0.89) (5.1)
σ(gNL) 1.2×105 (7.1×104) 1.8×105 (1.0×105) 5.3×103 (3.8×103) (1.4×105)
σ(τNL) 3.9×103 (2.1×103) 4.6×103 (2.5×103) 14 (6.2) (1.4×103)
TABLE II. Forecast results of marginalized (un-marginalized) 1σ errors on primordial non-Gaussian parameters for HSC, DES, and LSST.
The results are compared with with the single-parameter constraint derived from CMB measurement by Planck [2].
the quantities FPαβ and F
B
αβ are the Fisher matrices for power
spectra and bispectra, respectively, which are assumed to be
statistically independent. Fisher matrix Fαβ quantifies the sta-
tistical uncertainty for the parameters p that are determined
by observations, and the 1σ (68% C.L.) statistical error on the
single parameter pα is given by (1/Fαα)1/2. Also, the 1σ sta-
tistical error marginalized over other parameters is expressed
as ([F ]−1αα)1/2 with [F ]−1 being the inverse of Fisher matrix.
Here, for free parameters p, we consider the three non-
Gaussian parameters, i.e., p = ( fNL, gNL, τNL), with the fidu-
cial values of p0 = (0,0,0). We do not marginalize the uncer-
tainty in the halo bias properties, since our PT treatment with
iPT completely specifies the halo clustering for a given mini-
mum halo mass, Mmin, which we set 1013 h−1 M. This may
be a rather optimistic assumption, however, our primary pur-
pose is to explore the feasibility to test single-sourced consis-
tency relation by simultaneously constraining multiple non-
Gaussian parameters. Since the properties of the clustering
bias is expected to be observationally determined at the rela-
tively small scales, where no notable effect of the primordial
non-Gaussianity appears, there would be no serious parame-
ter degeneracy with non-Gaussian parameters. As we will see
below, the choice of our minimum halo mass does not signif-
icantly affect the expected constraints on non-Gaussianity. A
forecast study in more practical situation will be considered
elsewhere.
In evaluating the Fisher matrix, we set the minimum mul-
tipole to `min = `f = 2pi/
√
Ωs, while the maximum multi-
pole `max is set to 150, adopting the Gaussian covariances
in Eqs. (57) and (58). Note that increasing `max may give a
tighter constraint on the non-Gaussian parameters, as naively
inferred from Fig. 4. However, a big impact on the statisti-
cal analysis may come from the gravity-induced non-Gaussian
contributions to the error covariances, for which we do not
consider. In this sense, our results presented below may be re-
garded as a conservative estimate, and a possibility to further
improve the constraints needs to be investigated.
The results of Fisher matrix analysis are summarized in
Figs. 5 and 6, and Tables III-V for each survey. In Table II, the
forecast results from three surveys are compared to the current
constraints from CMB.
Let us first look at the forecast results from the power
spectra. Figs. 5 show the two-dimensional error contours
on ( fNL,gNL) (bottom left), ( fNL,τNL) and (τNL,gNL) from
the power spectrum data. As we expect from the asymptotic
scale-dependence in Eq. (66), the forecast constraints from
halo clustering data alone exhibit a large degeneracy between
each parameter (see also Ref. [34]), and the marginalized con-
straints are substantially degraded, compared to the single-
parameter cases (see second column in Tables III-V). Adding
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FIG. 6. Forecast results of primordial non-Gaussian parameters by HSC (left), DES (middle), and LSST (right). In each panel, marginalized
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the weak lensing power spectra partly breaks the parameter
degeneracy, and constraints becomes tightened, especially for
the parameter τNL2. The constraint on fNL and gNL is also im-
proved, however, degeneracy still remains between these two
parameters, and the resultant values of the marginalized error
are still larger than those of the un-marginalized constraint by
more than one order of magnitude. This is clearly seen in the
2 The expected errors on fNL for HSC are somewhat degraded compared to
the previous study by Refs. [6, 7]. These differences mainly come from
the choice of minimum multipole, `min. While the previous study adopted
`min = 2, we conservatively set it to the fundamental mode, i.e., `min = `f,
which roughly corresponds to 9 for HSC.
third columns of Tables III-V.
The situation is drastically changed if we use the bispec-
trum data, as shown in Figs. 6 and 7. A remarkable point
is that only with the halo bispectrum, the degeneracy be-
tween three parameters are mostly broken, and this enables
us to simultaneously constrain each parameter. As a result,
the marginalized constraints become rather close to the un-
marginalized ones (forth column in Tables III-V and Fig. 7).
This is indeed expected from the asymptotic scaling relation
in Eq. (68). Further adding the cross correlation data mod-
erately improves the constraints, and the expected constraints
on fNL and τNL are improved by a factor of < 1.5, compared
to the halo bispectrum alone.
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HSC Chh Chh +Cκh Bhhh Bhhh +Bhhκ +Bhκκ Chh +Cκh+
survey Bhhh +Bhhκ +Bhκκ
σ( fNL) 2.3×103 (30) 4.2×102 (21) 32 (11) 20 (10) 19 (9.2)
σ(gNL) 2.0×107 (2.8×105) 3.4×106 (1.7×105) 1.3×105 (7.9×104) 1.3×105 (7.8×104) 1.2×105 (7.1×104)
σ(τNL) 2.9×104 (7.5×103) 8.3×103 (4.0×103) 7.1×103 (2.5×103) 4.6×103 (2.4×103) 3.9×103 (2.1×103)
TABLE III. Forecast results of marginalized (un-marginalized) 1σ errors on primordial non-Gaussian parameters for HSC.
DES Chh Chh +Cκh Bhhh Bhhh +Bhhκ +Bhκκ Chh +Cκh+
Bhhh +Bhhκ +Bhκκ
σ( fNL) 3.1×103 (45) 9.2×102 (30) 21 (6.3) 9.9 (5.3) 9.8 (5.2)
σ(gNL) 6.2×107 (9.1×105) 1.8×107 (6.0×105) 1.9×105 (1.1×105) 1.8×105 (1.1×105) 1.8×105 (1.0×105)
σ(τNL) 5.7×104 (1.8×104) 2.0×104 (1.0×104) 8.4×103 (2.6×103) 4.8×103 (2.5×103) 4.6×103 (2.5×103)
TABLE IV. Forecast results of marginalized (un-marginalized) 1σ errors on primordial non-Gaussian parameters for DES.
LSST Chh Chh +Cκh Bhhh Bhhh +Bhhκ +Bhκκ Chh +Cκh+
Bhhh +Bhhκ +Bhκκ
σ( fNL) 2.1×102 (1.4) 35 (1.3) 3.5 (1.3) 3.0 (1.3) 2.1 (0.89)
σ(gNL) 1.2×106 (8.1×103) 2.0×105 (7.2×103) 5.4×103 (4.5×103) 5.3×103 (4.4×103) 5.3×103 (3.8×103)
σ(τNL) 26 (9.6) 18 (8.4) 27 (10) 21 (9.3) 14 (6.2)
TABLE V. Forecast result of marginalized (un-marginalized) 1σ errors on primordial non-Gaussian parameters for LSST.
The results imply that a deep imaging survey is advanta-
geous to give a tight constraint on primordial non-Gaussianity,
especially for gNL and τNL. As an idealistically wide and
deep survey, the LSST can give tighter constraints on fNL,
gNL, and τNL, and the expected constraints will be signifi-
cantly tighter than those obtained from the CMB (see Table II
and Fig. 7). Note that the constraints from the CMB summa-
rized in Table II and Fig. 7 are un-marginalized ones. In this
respect, HSC and DES can still give a meaningful result on
non-Gaussianity, and LSST would be the most sensitive non-
Gaussian probe suited for testing single-sourced consistency
relation.
Finally, to see how the resultant constraints depend on our
choice of the parameters, we focus on the LSST survey, and
vary one of the minimum and maximum multipoles (`min and
`max), and the minimum halo mass (Mmin). The variation of
the marginalized constraints on non-Gaussian parameters is
summarized in Fig. 8.
Left panels show the dependence on `max. The constraints
coming from the bispectra (blue dotted) continuously become
improved as increasing `max. This is rather contrasted to the
power spectrum cases in which the constraining power be-
comes saturated at rather low multipoles. The reason for the
improvement basically comes from the fact that the fractional
contribution of the squeezed triangles becomes dominant with
`max. Since the local-type primordial non-Gaussianity is
known to produce a large bispectrum amplitude at squeezed
limit, Fig. 8 suggests that a drastic improvement of the con-
straints will be obtained if we have a reliable theoretical tem-
plate for bispectrum relevant to the small scales, ` & 150.
On the other hand, middle panels show the dependence on
`min. Since the present methodology makes full use of the
scale-dependent properties of the halo clustering, the limiting
sky coverage significantly degrades the constraining power on
primordial non-Gaussianity. In particular, higher-order pa-
rameters, gNL and τNL, are very sensitive to `min because of
the strong scale-dependence of the terms, CτNL and BτNL [see
Eqs. (65), (66), and (68)]. Finally, right panels plot the depen-
dence on Mmin while `min and `max are kept fixed. In general,
a large minimum halo mass selects highly biased halos, and
the resultant clustering amplitudes get increased. The num-
ber of halos is, however, decreased, and the shot-noise con-
tribution is increased. As a result of two competing effects,
the Mmin dependance on the constraints becomes weak at the
mass range of 1012 h−1 M <Mmin < 1014 h−1 M.
VI. IMPACT OF TOMOGRAPHIC MEASUREMENT
So far, we have presented the forecast results for the rep-
resentative surveys assuming the single-redshift bin without
tomography. In this section, we discuss the impact of tomo-
graphic technique, and demonstrate how well one can improve
the constraints on fNL, gNL and τNL. For illustrative pur-
pose, we only consider the power spectrum and bispectrum
of halo clustering, ignoring the photo-z error. The tomogra-
phy including the cross correlation with weak-lensing obser-
vations will be considered elsewhere. In the absence of weak-
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FIG. 7. Variation of the marginalized (solid) and un-marginalized (dashed) errors on the parameters fNL (top), gNL (middle), and τNL (bottom)
with respect to what kinds of statistics are used/combined; the auto-power spectrum of halos [P(h)], auto- and cross-power spectra of halos and
weak lensing [P(h+κ)], the auto-bispectrum of halo clustering [B(h)], the auto- and cross-bispectra of halos and weak lensing [B(h+κ)], and
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lines are the results for DES, HSC, and LSST, respectively. For reference, horizontal arrows indicate the single-parameter constraints derived
from the latest CMB measurement [2].
HSC (Nbin = 1) HSC (Nbin = 3) LSST (Nbin = 1) LSST (Nbin = 3)
σ( fNL) 29 (10) 12 (6.1) 2.2(0.89) 1.7(0.89)
σ(gNL) 1.4×105 (8.0×104) 5.2×104 (3.4×104) 5.4×103 (3.8×103) 4.4×103 (3.3×103)
σ(τNL) 6.1×103 (2.5×103) 2.0×103 (1.0×103) 15 (6.4) 11 (6.1)
TABLE VI. Forecast results of marginalized (un-marginalized) 1σ errors on primordial non-Gaussian parameters for HSC and LSST, taking
account of the tomography. Here, ignoring the weak-lensing measurement, the constraints derived from the halo clustering is simply estimated,
assuming the three redshift bins (Nbin = 3, brown). The results are then compared with those from the single-redshift bin (Nbin = 1, salmon
pink).
lensing observations, summing up independently the Fisher
matrices of Eq. (74) computed at each redshift bin yields a
combined constraint on the primordial non-Gaussianity from
the tomographic measurements. Here, we specifically con-
sider the cases with HSC and LSST, whose survey depths are
wide enough to apply tomographic technique.
Fig. 9 and Table VI summarize the forecast results. We
divide the observed redshift distribution of halos into three
bins, i.e., Nbin = 3, with equal number of halos in each red-
shift bin. The results show that the tomographic measure-
ment improves the constraints on primordial non-Gaussianity,
and the marginalized constraints become tighter than the no-
tomographic case (i.e., Nbin = 1) by a factor of 1.4−3. This is
simply because the fractional contribution of primordial non-
Gaussianity to the halo clustering becomes large as increas-
ing the redshifts in both power spectrum and bispectrum. In
this respect, the redshift dependence of the clustering ampli-
tude is a key to tightly constrain primordial non-Gaussianity.
Thus, as long as the shot-noise contribution [Eq. (59)] can
be sub-dominant, further increasing the number of redshift
bins would improve the constraint. An interesting question
may be what is the tightest constraints achievable with the
optimal number of redshift bins for a given survey. To pre-
cisely answer this question, however, our analysis with the
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Limber approximation becomes inadequate for narrow red-
shift bins, and the full-sky treatment, which generally re-
quires multi-dimensional numerical integration along the line-
of-sight, needs to be implemented for the analytic calculations
of power spectrum and bispectrum. Although we postpone a
rigorous analysis with full-sky treatment, we conclude here
that the tomographic technique is important to further con-
strain primordial non-Gaussianity, and is rather essential to
test single-sourced consistency relation from the imaging sur-
veys.
VII. SUMMARY
In this paper, we have investigated the statistical power of
the higher-order statistics and cross correlation statistics to
detect or constrain primordial non-Gaussianity from imag-
ing surveys. In particular, we have studied how well one
can simultaneously constrain multiple parameters that char-
acterizes the local-type primordial non-Gaussianity, i.e., fNL,
gNL, and τNL from the halo clustering and weak-lensing ob-
servations. Adopting the integrated perturbation theory (iPT)
which systematically incorporates both the non-Gaussian
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mode-coupling of primordial density fluctuations and non-
linear halo biasing into theoretical template, we estimate the
signal-to-noise ratios of angular-power spectra and bispectra
for halo clustering and weak-lensing observations. The contri-
butions from the primordial non-Gaussianity for each parame-
ter of fNL, gNL, and τNL are found to have different asymptotic
scale-dependence in the angular bispectra, and this enables us
to break the parameter degeneracy found in the power spec-
trum.
Based on the Fisher matrix analysis, the forecast results
for the three representative surveys (HSC, DES, and LSST)
show that the measurement of halo bispectrum can give tighter
constraints on non-Gaussian parameters than those from the
power spectrum, and the marginalized constraints rather ap-
proach to the single-parameter (un-marginalized) constraint.
As a result, simultaneous constraints become possible with
the measurement of halo bispectrum. Further adding the cross
correlation with weak-lensing observations moderately im-
proves the constraints, but with a full combination of both the
power spectra and bispectra, idealistically deep and wide sur-
vey of LSST can give significantly tight constraints on fNL,
gNL, and τNL, that surpass even the single-parameter con-
straints derived from the Planck CMB measurement. Also, a
simple demonstration with the tomographic technique implies
that the constraints from the deep photometric surveys will be
further improved by a factor of 1.4−3 for each non-Gaussian
parameter.
The forecast results presented in this paper may be conser-
vative in the sense that we have considered only the large-
angular scales of ` ≤ `max = 150. For the halo angular bis-
pectra, increasing the maximum multipole potentially leads
to a much tighter constraint on the local-type primordial non-
Gaussianity, because the number of possible squeezed trian-
gles increases with `max. For a quantitative estimation, how-
ever, the gravity-induced contributions to the bispectrum am-
plitude and its error covariance are rather important, and a
more careful study is necessary. Another important aspect to
improve the constraint is a tomographic technique combining
the cross correlation with weak-lensing observations. Since
the lensing effect induces non-zero correlation between dif-
ferent redshift bins, the number of possible cross-correlation
quantities is increased, and this will help to further constrain
primordial non-Gaussianity from the deep photometric sur-
veys. To investigate this, a full-sky analysis without using
Limber approximation would be essential.
Finally, our forecast results are derived based on the pre-
diction with iPT, assuming a prior knowledge of halo bias
properties. While the power spectrum prediction with iPT has
been tested against the halo clustering in N-body simulations,
the prediction of bispectrum with non-Gaussian initial contri-
butions has not yet been tested. Although iPT is shown to
be consistent with previously known analytic treatment, and
thus our results are qualitatively correct, the accuracy check
of the prediction is important for future measurements. Fur-
ther, our treatment of halo bias may be optimistic, and for a
proper comparison with observations, we need to incorporate
nuisance parameters into the characterization of halo bias to
reduce the impact of unknown systematics. A further quanti-
tative study with simulations is definitely necessary toward a
practical application.
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Appendix A: Power spectra and Bispectra in the large-scale
limit
In this Appendix, we present the expressions for the power
spectra and bispectra in the large-scale limit described in
Sec. II C. First, tree-level and one-loop contributions to the
three-dimensional power spectra given in Eq. (20) respec-
tively become
Pgrav(k)' Γ(1)X (k)Γ(1)Y (k)PL(k)+
1
2
∫ d3p
(2pi)3
Γ(2)X (p,−p)Γ(2)Y (p,−p)PL(k)PL(p), (A1)
P1−loopfNL (k)' 2Γ
(1)
X (k)
PL(k)
M(k)
∫ d3p
(2pi)3
Γ(2)Y (−p, p)PL(p)+1perms(X ↔ Y ), (A2)
whereP1−loopbis (k) = fNLP
1−loop
fNL
. On the other hand, the un-decomposable two-loop contribution in Eq. (34) is reduced to
P2−loopgNL (k)' 3Γ
(1)
X (k)
PL(k)
M(k)
∫ d3p1d3p2
(2pi)6
Γ(3)Y (−p1,−p2, p1+ p2)
×M(p1)M(p2)M(|p1+ p2|)PΦ(p1)PΦ(p2)+1perms(X ↔ Y ), (A3)
P2−loopτNL (k)'
25
9
PL(k)
M(k)
[
Γ(1)X (k)
∫ d3p1d3p2
(2pi)6
Γ(3)Y (−p1,−p2, p1+ p2)
×M(p1)M(p2)M(|p1+ p2|)PΦ(p1)PΦ(p2)
+
1
2
1
M(k)
∫ d3p1d3p2
(2pi)6
Γ(2)X (p1,−p1)Γ(2)Y (p2,−p2)PL(p1)PL(p2)
]
+1perms(X ↔ Y ), (A4)
where we defineP2−looptris = gNLP
2−loop
gNL +τNLP
2−loop
τNL . Note
that the multi-point propagators Γ(n)X in these expressions are
evaluated with those summarized in Sec.II C.
Similarly, the large-scale limit of the three-dimensional bis-
pectra given in Eqs. (24), (25), and (35) becomes
BtreefNL (k1,k2,k3) =2Γ
(1)
X (k1)Γ
(1)
Y (k2)Γ
(1)
Z (k3)M (k1)M (k2)M (k3) [PΦ (k1)PΦ (k2)+2perms(k1↔ k2↔ k3)] , (A5)
B1−loop,1grav (k1,k2,k3)'
∫ d3p
(2pi)3
PL (p)
3Γ(2)X (p,−p)Γ(2)Y (p,−p)Γ(2)Z (p,−p) , (A6)
B1−loop,2grav (k1,k2,k3)'
1
3
[{
Γ(1)X (k1)PL (k1)
∫ d3p
(2pi)3
Γ(2)Y (p,−p)Γ(3)Z (−k1,−p,−k2+ p)PL (p)2
+2perms(X↔ Y↔ Z)
}
+5perms(k1↔ k2↔ k3)
]
, (A7)
B1−loop,1fNL (k1,k2,k3)'
4
3
[{
Γ(1)X (k1)Γ
(1)
Y (k2)PL (k1)
PL (k2)
M (k2)
∫ d3p
(2pi)3
Γ(3)Z (−k1,−p,−k2+ p)PL (p)
+2perms(X↔ Y↔ Z)
}
+5perms(k1↔ k2↔ k3)
]
, (A8)
B1−loop,2fNL (k1,k2,k3)'
4
3
[
Γ(1)X (k1)Γ
(2)
Y (k1,k2)PL (k1)
PL (k2)
M (k2)
∫ d3p
(2pi)3
Γ(2)Z (p,−p)PL (p)
+2perms(X↔ Y↔ Z)
}
+5perms(k1↔ k2↔ k3)
]
, (A9)
B1−loop,3fNL (k1,k2,k3)'
4
3
[{
Γ(1)X (k1)
PL (k1)
M (k1)
∫ d3p
(2pi)3
Γ(2)Y (p,−p)Γ(2)Z (p,−p)PL (p)2
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+2perms(X↔ Y↔ Z)
}
+2perms(k1↔ k2↔ k3)
]
, (A10)
B1−loopgNL (k1,k2,k3)'2
[{
Γ(1)X (k1)Γ
(1)
Y (k2)M (k1)M (k2)PΦ (k1)PΦ (k2)
∫ d3p
(2pi)3
Γ(2)Z (p,−p)PL (p)
+2perms(X↔ Y↔ Z)
}
+2perms(k1↔ k2↔ k3)
]
, (A11)
B1−loopτNL (k1,k2,k3)'
25
27
[∫ d3p
(2pi)3
Γ(2)Z (p,−p)PL (p)
×
{
Γ(1)X (k1)Γ
(1)
Y (k2)M (k1)M (k2) [PΦ (k1)PΦ (k2)+PΦ (k2)PΦ (k3)+PΦ (k1)PΦ (k3)]
+Γ(1)X (k1)Γ
(1)
Y (k2)M (k1)M (k2) [PΦ (k1)+PΦ (k2)]PΦ (p)
+2perms(k1↔ k2↔ k3)
}
+2perms(X↔ Y↔ Z)
]
, (A12)
B2−loopgNL (k1,k2,k3)'3
[{
Γ(1)X (k1)Γ
(2)
Y (p1,−p1)PL (k1)
PL (k3)
M(k3)
∫ d3p1d3p2
(2pi)6
PL (p1)
×Γ(3)Z (p1, p2,−p1− p2)M(p1)M(p2)M(|p1+ p2|)Pφ (p1)Pφ (p2)
+5perms(k1↔ k2↔ k3)
}
+2perms(X↔ Y↔ Z)
]
, (A13)
B2−loopτNL (k1,k2,k3)'
25
9
[{
Γ(1)X (k1)Γ
(2)
Y (p1,−p1)PL (k1)
PL (k3)
M(k3)
∫ d3p1d3p2
(2pi)6
PL (p1)
×Γ(3)Z (p1, p2,−p1− p2)M(p1)M(p2)M(|p1+ p2|)Pφ (p1)Pφ (p2)
+5perms(k1↔ k2↔ k3)
}
+2perms(X↔ Y↔ Z)
]
, (A14)
where we define
Btreebis = fNLB
tree
fNL ,
B1−loop,ibis = fNLB
1−loop,i
fNL
,
B1−looptris = gNLB
1−loop
gNL + τNLB
1−loop
τNL
B2−looptris = gNLB
2−loop
gNL + τNLB
2−loop
τNL . (A15)
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